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In this paper we prove a characterization theorem for normal L-fuzzy topological 
spaces (L is an infinitely distributive lattice with an order-reversing involution). In 
the particular case L = { 0, 1 } this theorem reduces to a known result of Katetov 
(Fund. Math. 38 (1951), 85-91) and Tong (Duke Muth. J. 19 (1952), 289-292). As 
an important application we obtain a fuzzy version of Tietze extension theorem. 
This yields an affirmative answer to a question raised in a series of papers by 
Rodabaugh (FUZZY Sets and Systems 11 (19X3), 163Sl83). ( 19X7 Academy Pm\\. Inc 
1. INTRODUCTION 
A considerable step forward in the research of fuzzy topologies (Zadeh 
[26], Chang [2], Goguen [S]) was Hutton’s paper [6]. He constructed 
an interesting L-fuzzy topological space, called the L-fuzzy unit interval, 
which plays the same role in fuzzy topology that the unit interval plays in 
general topology. Using the L-fuzzy unit interval Hutton extended the 
Urysohn lemma to L-fuzzy normal spaces. A few authors continued the 
study of normality in fuzzy topology. The literature of this subject includes 
[6, 7, 10, 13, 14, 16, 2&22]. 
In a series of papers [ 17-201 Rodabaugh raised a question concerning a 
fuzzy version of the Tietze extension theorem. This question can be stated 
as follows [20, Question 8.71: let (X, z) be a normal L-fuzzy topological 
space, let A c X such that 0 # A # X and A is closed in (X, r), and let 
.f’: (A, TV) -+ Z(L) [R(L)] be continuous. Does ,f extend continuously to 
F: (x, z)-+Z(L)[R(L)]? 
Unlike the fuzzy Urysohn lemma, the fuzzy Tictze extension theorem 
cannot be obtained (for the time being) by adapting the proof of the 
corresponding classical theorem, because the usual method of proving the 
Tietze theorem largely uses the algebraic structure of the reals (cf. [lg. 
Questions ( 1) and (2), p. 39 and Proposition 5.11; see also [ 121). 
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However, there is another method of proving the Tietze theorem: It is an 
easy consequence of a characterization of normality given independently by 
KatCtov [8,9] and Tong [23]. Their result extends to normal spaces the 
well-known Hahn’s insertion theorem concerning metric spaces (earlier 
improvements of Hahn’s theorem can be found in Engelking’s book [3, 
p. 88, 4281; note also that a compact ordered space version of Hahn’s 
result is due to Nachbin [ 15, p. 1151). 
In this paper we extend to L-fuzzy normal spaces the theorem of Katetov 
and Tong. We adopt the proof used by Katetov. As an important corollary 
we obtain a fuzzy analogue of the Tietze extension theorem for Z(L)-valued 
functions. 
2. PRELIMINARY NOTIONS AND RESULTS 
Throughout this paper (L, <, ‘) is an infinitely distributive lattice with 
an order-reversing involution (see Birkhoff [ 1 I). Such a lattice (being com- 
plete) has a least element 0 and a greatest element 1. Given a nonempty set 
X, Lx denotes the collection of all mappings from X into L. An element of 
Lx is called a fuzzy subset of X or, more explicitly, an L-fuzzy subset of X. 
The (0, 1 }-valued elements of Lx are called crisp. We shall identify subsets 
of X with the corresponding crisp elements of Lx. L-fuzzy subsets will be 
denoted by capital letters (except L-fuzzy subsets of R, the real line). Lx 
can be made into an infinitely distributive lattice with an order reversing 
involution by inducing the order and involution from (L, <, ‘). The sym- 
bols 0 and 1 also denote the universal bounds in Lx, constant mappings 
taking the whole of X to 0 and 1, respectively. Let X and Y be two sets. A 
mapping f: X + Y induces an order-preserving mapping f ': L ’ -+ Lx 
which commutes with arbitrary supremz and infima, i.e., 
fP’(ViAi)=VifP’(A,) and fP’(AiA,)=/jif-‘(Aj) for any family 
{Ai} CL’, wheref-‘(Ai)(x)=Ai(f(x)) for all x~X (Zadeh [26]). 
An L-fuzzy topological space (X, t) (henceforth abbreviated L-fts) is a 
pair consisting of a set X and a collection r of elements of Lx, called open 
L-fuzzy subsets, such that any supremum and any finite infimum of open 
L-fuzzy subsets are open (thus, 0 and 1 are open). This is the 
Chang-Goguen definition [2, 51. If UE r, then U’ is called closed. Let 
(X, zl) and (Y, r2) be L-fts. A mapping f: X+ Y is continuous if 
f -l(U)Er, for all UErz. 
Many pointless topological concepts are easy to extend to fuzzy 
topology. In particular, bases, subbases, interior, closure, and products are 
defined in the traditional way (see [2,4, 5, 24, 251). Let us recall only that 
if A E Lx is crisp, then (A, zA) is an L-fts, called a (crisp) subspace of (X, r), 
where ~~ = {U 1 A: U E r } is called the subspace L-fuzzy topology (see 
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[24]). Note that the interior and closure of an L-fuzzy subset A will be 
denoted by Int A and A, respectively. 
The L-fuzzy real line R(L) (Gantner et al. [4]) is the set of all monotone 
decreasing elements IELR satisfying V{).(t): [E R} = 1 and 
/j{i(t): teR} =o, f a ter the identification of I, p E LR iff I.( t - ) = ,u( r - ) and 
%(t+)=p(t+) for all tE R, where i.(t-)=A{i(s):s<t) and 
i( t + ) = V { R(s): s > t }. The natural L-fuzzy topology on R(L) is generated 
from the subbasis {L,, R,: tclW}, where L,[i]=i(t-)’ and R,[i]= 
j.( t + ). A partial order on Iw(L) is defined by [i] d [I] iff A( t - ) d p(t- ) 
and j.( t + ) G ~(t + ) for all t E R. R(t) is secondcountable (see [20]). 
The L-fuzzy unit interval Z(L) (Hutton [6]) is a subset of Iw(L) such that 
[jL]EI(L) if l(t)= 1 for t<O and i(t)=0 for t> 1. It is equipped with the 
subspace L-fuzzy topology. 
Note that If8 and R( (0, I} ) are isomorphic in many senses. If 
f: x: X--f K!(L), then .f< g means f(x) < g(x) for all .Y E X. To simplify 
notation, we shall often identify equivalence classes with their represen- 
tatives (only the limits are essential). In this paper the lower and upper 
semicontinuous functions with values in Iw(L) are used as a fundamental 
tool. 
2.1. DEFINITION. Let (X, 5) be an L-fts. A functionf: X + R(L) is called 
lower (resp. upper) semicontinuous if ,j” ‘(R,) (resp. .f’ ‘(L,)) is open for 
each t E R. 
Equivalently, j’is lower (resp. upper) semicontinuous iff it is continuous 
with respect to the right-hand (resp. left-hand) L-fuzzy topology on R(L). 
where the right-hand (resp. left-hand) topology is generated from the basis 
jR,: tell%) (resp. {L,: tE[W}). 
2.2. Remurks. (1) In what follows, the continuity of j’ means the con- 
tinuity with respect to the natural L-fuzzy topology on Iw(L). 
(2) Lower and upper semicontinuous with values in I(L) are defined 
in the analogous way. 
(3 j ,f‘ is continuous iff it is both lower and upper semicontinuous. 
(4) In case L = (0, 1 } we get the usual semicontinuities of real- 
valued functions. 
2.3. LEMMA. Let (X, T) be an L-fts, Irt A E Lx, und let f: X4 [w(L) hr 
such that 
if t < 0, 
if O<t<l, 
if t> 1, 
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for all x E X. Then f is lower (resp. upper) semicontinuous $f A is open (resp. 
closed). 
Proof: It suffices to observe that 
f-l(&)= 1 if t < 0, 
= A if O<ttl, 
=o if t31, 
and 
f-‘(Li) = 1 if t < 0, 
=A if O<t<l, 
=o if t>l. 
3. A CHARACTERIZATION OF L-FUZZY NORMALITY 
3.1. DEFINITION [6]. An L-fts (X, r) is normal if for every K’, U E r 
such that K,< U, there exists VE Lx such that K6 Int V< p,< U. 
The following characterizations of normal L-fts are known. 
3.2. THEOREM. Let (X, T) be an L-fts. Then the following statements are 
equivalent: 
(1) (X, T) is normal. 
(2) For every K’, U E T such that K ,< U, there exists VE T such that 
K6 V< 8< U, 
(3) For ever-v K, U E T such that K < U, there exist F, V E T such that 
K< V<F<lJ. 
(4) (Urysohn’s lemma). For every K’, U E T such that K,< U, there 
exists a continuous function f: X -I(L) such that KG<-‘(L;)d 
f -‘(R,) d u. 
Proof The equivalence of (l))(3) is trivial (this is noted in [13]). The 
equivalence of (1) and (4) is proved by Hutton in [6]. 
3.3. Remark. Note that Martin [14] introduced the concept of an 
additive I-fts and extended the well-known characterization of normality in 
terms of the shrinkable point-finite open covers to normal I-fts in the class 
of additive I-fts. 
3.4. Remark. In order to obtain another characterization of L-fuzzy 
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normality we adopt some results used by Kat&ov [9] in proving the 
corresponding classical characterization. Although Kat6tov considered an 
ordinary power set equipped with a binary relation satisfying some proper- 
ties, it can be observed that his results are valid for an arbitrary complete 
lattice. In particular, if (X, 7) is a normal L-fts, and if A E Lx is in a relation 
to BE Lx iff 1 d Int B, then we can apply Kat&tov’s argument to Lx with 
the above relation. To make the paper complete, we shall prove the needed 
lemmas. 
3.5. LEMMA. Let (X, 7) be a normal L-fts, and let (A,};: , and {B,: ;= , 
be countable families of elements of Lx. If there exist A, BE Lx such that 
Aid A < Int BI and Ai < Int B < Int B, for all i, j = 1, 2,..., then there exists 
U E Lx such that Ai d Int U and B < Int B, for all i, j = I, 2 ,... 
Proqf. First, we shall show by induction that for all n > 2 there exists a 
collection { U,, V, : 1 d i < n ) c Lx such that the conditions 
Ai< Int U,, 
p, < Int Bi, 
A6 Int Vi, 
0, d Int B, 
B,<Int V,, 
(P,,) 
hold for all i, j = 1, 2 ,..,, n - 1. 
Clearly (P2) follows at once from the normality of X. Now suppose that 
for some n > 2 we have defined Uj, V;E Lx (i < n) such that (P,) holds. 
Since A,, < 2 < Int V, (j < n) and 2, d Int B, by normality of X there exists 
U,, E Lx such that A, < Int U,, f D,, d Int(/j,,,, V, A B). Similarly, since 
A< Int B, and oi < Int B, (i < n) there exists V, E Lx such that 
Vign 0, v A<Int V,,< P,,<Int B,. Thus (P,+l) holds. 
Now set U = Vp”= I U,. Then 2, < Int U, < Int U for all i = 1, 2 ,... Since 
Di < Int V, (i, j = 1, 2 ,... ), we have U, < V,, so that I!? < Vj d Int Bj for all 
j= 1, 2,.... This proves the lemma. 
3.6. LEMMA. Let (X, 7) be a normal L-jts. If {H,},,, and {G,),,, ure 
monotone increasing collections of, respectively, closed and open L-fuzzy suh- 
sets of X (Q is the set of all rational numbers) such that H, < G,, whenever 
r < r’, then there exists a collection {F,),,, c Lx such that H, d Int F,. ( 
Fr < Int F,,, and Fr < G,, whenever r < r’. 
Proof: Let us arrange into a sequence {r,} all rational numbers 
(without repetitions). For every n > 2 we shall define inductively a collec- 
tion (F,!: 1 <i<n}cLX such that 
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for all 1 < i, j < n. 
H, < Int F,, if r<rj, 
Fr’,, < G, if ri< r, 6”) 
Fr’,, < Int Fr, if ri<rj, 
To begin with, let us observe that the countable collections (H, : r < r 1 ) 
and {G,: r>r,} together with H,, and G,, satisfy all hypotheses of 
Lemma 3.5, so that there exists U, E Lx such that H, < Int U, for all r < r, 
and 8, d G, for all r > rI. Setting F,, = U,, we get (S,). 
Assume that the L-fuzzy subsets F,, are already defined for i< n and 
satisfy (S,). Define 
A=V (F,: i<n, ri<r,,) v Hrn 
and 
B=l\ {F,,: j<n, rj>r,,} A G,“. 
Then we have that 
Fr, < A < Int Fr, and pr, 6 Int B < Int Fr, 
whenever ri < Y, < r, (i, j < n), as well as 
H,<<AGG,s and H,dint BbG,. 




together with A and B fulfill all hypotheses of Lemma 3.5. Hence, there 
exists U, E Lx such that 
H, < Int U, if rcr,, 
Fr’,, d Int U, if ri<r,, 
D,<G, if rn < r, 
l7, d Int Fr, if r,<r,, 
where 1 < i, j< n - 1. Now setting F,” = U, we obtain L-fuzzy subsets 
Fr, , Fr,,..., F,, that satisfy (S,, ,). 
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Therefore, the collection {F,,: i = 1, 2,... } has the required properties. 
This completes the proof. 
3.7. THEOREM (fuzzy insertion theorem). Let (X, T) be an L-fts. Then the 
following statements are equivalent: 
(1) (X, t) is normal. 
(2) If g, h: X + R(L), g is upper semicontinuous, h is lower semicon- 
tinuous, and g < h, then there exists a continuous function ,f: X -+ R(L) such 
thatg<f‘<h. 
Prooj: To show that (2) implies (1 ), let K’, UE t such that K < U. 
Define g, h: A’--+ R(L) by 
g(x)(t) = 1 if t < 0, 
= K(x) if O<tdl, 
=o if t>l. 
and 
h(x)(t) = 1 if t < 0, 
= U(x) if O<tdl, 
=o if t> 1, 
for each x E A’. By Lemma 2.3, g is upper semicontinuous and h is lower 
semicontinuous. Clearly gd h holds, so that there exists a continuous 
function ,f: X -+ R(L) such that g f f ,< h. Suppose t E (0, 1). Then 
K=g ‘(R,)<f ‘(R,)<f -‘(L;)<h ‘(L;)=U, 
which proves (X, 7) is normal. 
To show that (1) implies (2) define two mappings H, G: Q + LX by 
and 
H(r)= H,=h ‘(R:) 
G(r)=G,=g ‘(L,) 
for all r E Q (the set of all rationals). Clearly, H and G are monotone 
increasing, (HL, G,: r 6 Q} c t, and H,d G,. whenever r < r’. Now, by 
Lemma 3.6 there exists a mapping F: Q + Lx such that 
H, d Int F,, , 
F,. 6 Int F,,, 
F, 6 G,,, 
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whenever  < r’ (r, I’ E Q). Letting 
v, = /J Fr 
r<, 
we define a monotone decreasing 
have 
P,<Int V, 
for all t E R, 
family { V,: t E R} c Lx. Moreover we 
whenever s < t. 
Indeed, for s<r<r’<t (s, t E R and r,r’EQ) we have 
VJ < Fr < Int F,, < V,, hence P, < Int Vs. We have also 
= v A g-‘(G) IEW r<, 





We now define a function f: X + R(L) satisfying the required properties. 
Let 
f(x)(t) = V,(x) 
for all x E X and t E R (cf. Hutton [6, Theorem 1 ] ). The above discussion 
shows that f is well defined, i.e., f(x) E R(L) for every x E A’. To prove f is 
continuous, observe that 
V V, = V Int V, 
s>, s>r 
and 
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Then 
is open. Now 
f- ‘(I,:) = /j v,= A F’,, 
\<I ., < , 
so that f is continuous. To conclude the proof it remains to show that 
g d f 6 h, i.e., that 
and 





.Y < , r < s 
= A A h-‘(k) 
s-z, r-z.5 
= /j h-‘(L:,) 
SC, 
=h-‘(L:). 
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Similarly, we obtain 
g-‘(K) = v g-‘(R) 
S>f 






= v V,=f-‘(R,), 
s > t 
and 






= v v hK’(R,) 
s > * r > 5 
= v h-‘(R,)=h-‘(R,). 
S>l 
The proof is complete. 
3.8. Remark. It is interesting to note that when L = (0, 1 }, it follows 
from the above theorem (classical result of Katetov and Tong) that fuzzy 
normality is a good extension of topological normality in the sense of 
Lowen [ 111 (see Martin [ 14, Theorem 2.11). 
4. FUZZY T~ETZE EXTENSION THEOREM 
4.1. LEMMA. Let (X, r) be a normal L-fts, and let A’ E 5 be crisp. Then 
(A, z,.,) is normal. 
Proof This straightforward fact is also noted in [20, Remark 4.11. 
4.2. THEOREM (fuzzy Tietze theorem). Let (X, z) be a normal L-fts, let 
A’ E z be crisp, and let f: (A, zA) --f Z(L) be continuous. Then there exists a 
continuous function F: (X, t) + I(L) such that FI A = J 
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Proc$ Define two functions g, h: X --) Z(L) by 
g(x) = f(x) if xEA, 
= [&I if x$A, 
and 
h(x) = f(x) if XEA, 
= Cn,l if x$A, 
where [A,] and [A,] are equivalence classes determined by A,, L, : 58 -+ L 
such that 
&(t) = 1, t-Z0 
= 0, t>o 
and 
l,(t) = 1, t<1 
= 0. r>1 
We show g and h are, respectively, upper and lower semicontinuous. 
Indeed, let t > 0. Then 
g ~‘(L,)(x)=f’-‘(L,)(x), .Y E A 
= 1, -x$A, 
where ,f ‘(L,), being open in (A, r,), is of the form U, / A, where U, E T, so 
that 
go ‘(L,)= U, v A’ 
is open in (X, r). Clearly, g--‘(L,) = 0 for each t d 0. Thus g is upper 
semicontinuous. Similarly, we obtain 
A--‘(&)= I’, v A’, 1<1 
= 0, r3 1, 
where V, E 7 is such that fP ‘(R,) = V, 1 A. Thus h is lower semicontinuous. 
Clearly, we have g <h. 
Now, by Theorem 3.7 there exists a continuous function F: (X, T) + Z(L) 
such that g(x) < F(x) <h(x) for all XE X. Hence, for each XE A we get 
f(x) d F(x) <f(x), so that F is the required extension off over (X, r). 
4.3. COROLLARY. Let (X, T) he a normal L$ts, let A’ E T be crisp, and lrt 
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f: (A, zA) -+ n,,sZ,(L) be continuous, where n,,sZ,(L) is the L-fuzzy 
Tychonoff cube (I, = I for all s E S), i.e., the usual product space with the L- 
fuzzy product topology. Then f is continuously extendable over (A’, z). 
Proof: Let ps: n seS Z,(L) -+ Z,(L) be the usual projection. Then 
f,=p,f: (A, zA) -I,(L) is continuous (see [25]). By Theorem 4.2, there 
exists F,: (X, T) -+ Z,(L) which is continuous and Fs;,IA = f,. Then 
F: (X, z) + nseS Z,(L) defined by F(x) = {F,(x)},,, is continuous (see 
[25]), and has the properties required by the corollary. 
4.4. Remark. An L-fts is called suitable-according to Rodabaugh 
[17]-if it possesses a nontrivial closed crisp L-fuzzy subset (A E Lx is 
nontrivial, if 0 # A # 1). Rodabaugh [ 171 proved that if L # (0, 1 } then 
[w(L) and Z(L) need not be suitable. 
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